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ABSTRACT 


This thesis contains a handout covering the Fundamental 
Physical Laws (Continuity, Momentum, and Energy) used in 
Aeronautical Engineering which are transformed from the con- 
trol mass or system form into the control volume form. It is 
intended that this handout serve as a self-studying guide for 
Students in the core of the Aeronautical Engineering Program 
at the Naval Postgraduate School and as a reference during 


the graduate level courses. 
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A. THE PROBLEM UNDER CONSIDERATION 

In the Aeronautical Engineering Curricula at the Naval 
Postgraduate School the development of expressions for the 
Fundamental Physical Laws (Continuity, Momentum, and Energy) 
is covered at different depths in courses such as Basic Fluid 
Dynamics, Basic Thermodynamics and Gas Dynamics during the 
core. 

Due to the lack of time, these topics are usually treated 
in an introductory fashion and the notes taken by the students 
are necessarily incomplete with some repetition between the 
various courses. 

Also, in some cases the development of these equations is 
done without a systematical recognition that control-volume 
approach is used in opposition to the system or fixed-mass 
approach (because of the inconvenience of the latter for prob- 
lems related to fluids). In addition to the problem previously 
described, it happens sometimes that the student is not aware 
that the equation the professor is using is a "disguised" form 
of one of the Fundamental Physical Laws for which he may al- 
ready have some intuition. 


The situation may be depicted in the following chart: 
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RIGOR 
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feeeeyYPE OF STUDENTS ATTENDING THE CORE 

A considerable number of students taking the sequence of 
core courses are coming from the fleet after a number of years 
(between four and eight), since the completion of under- 
graduate education in Science or Engineering. 

It can be said that sufficient background exists in most 
of the cases but it is buried under several years of perfor- 
mance of nonacademic duties. 

The most noticeable effect of these inactive years is the 
Gitriculty in dealing with abstract concepts such as mathe- 
matical symbols and models intended to depict a situation of 


engineering interest (the control volume, for example). 


C. A PROPOSED SOLUTION FROM A STUDENT STANDPOINT 
The author believes that a handout received by the students 


before or during the core will provide them with a set of notes 








for self-study during the core and for future reference in 
the graduate sequence oT courses. 

The proposed handout on the Fundamental Physical Laws is 
a version of material covered in many books, some of them 
being more rigorous and elegant but often not appealing to 
the students. 

What is it that bothers a student in this situation when 
the topic is treated in class or in his textbooks? 

First of all, the terminology. The reader must be warned 
that the author is perhaps strongly biased in this respect 
because English is not his native language. But even students 
without this problem sometimes are confused by words or do not 
Know the exact meaning of some terms in Thermodynamics or 
Fluid Dynamics. For example, look up the word "steady" in a 
dictionary. Reference | gives the following meanings for it: 
min, Stable, not shaky, regular, uniform, continuous, constant 
in behavior, etc. Assuming that the student knows all these 
meanings, if the word "steady" is used without rigorously 
defining it in a scientific context (i.e., partial derivatives 
with respect to time are zero), a sensation of ambiguity will 
remain and no convenient abstraction can be expected to last 
in the student's mind. 

Important terms must be carefully defined from the begin- 
ning and the other terms introduced as needed during the 
development. The use of these terms must be shown by means 
of examples and the degree of retention by the student must 
be frequently tested. (Notice how the term system is Eipoateed 


amecne text. ) 








A second source of trouble 1s the pyvoligiemeon ea tenon 


{ 


to Science by men such as Newton, Euler, Bernoulli (three of 


(D 


them! Jacob (1664-1705); Johan (1667-1748); and Daniel 
(1700-1782)); Laplace and many others. When someone quotes 


"Newton's Law," to which one is he referring — the First, 
mecond, or Third? Maybe 1t ts Newton s Law of Friction. 
Sometimes the student is taking, simultaneously, a course in 
Mathematics where the same names are also quoted. 

The fundamental points for a student in the core in this 
Beapect are: 

1. Not to get confused by the terminology and partic- 
ular names. 

2. 10 recognize where an equation originates; what is 
the significance of the various terms; and what are the con- 
Straints and assumptions for its derivation. 

3. To make actual use of the equations. 

Another problem arises from Algebra. It is not that this 
meaneh Of Mathematics is obscure or difficult for a student at 
mimo stage of his education, but that 1t 18 simply uninteresting. 

Oftentimes during a long and tedious derivation of an 
equation the student's mind wanders and the sensation of 
“Magic" results when a final and neat expression appears. The 
following corrective actions may be proposed: 

1. State from the beginning the starting and ending 
points of the derivation. 

2 PUNE new eine in les UO ne cummin cine deel Vc tarorit 

3. Ask Biss tenecor the student in the middle of the 


derivation to keep him interested or simply awake. 








4. Skip on purpose some steps but ask the students 
to go through them for completeness. 

5. Use the most compact notation available but only 
after being sure that the notation is properly introduced and 
that this greater degree of abstraction is consistent with the 
level of the student. 

Perhaps many of these problems are avoided by using a 
textbook writing technique called “Programmed Instruction." 
The opinion of the author is that writing a handout fully 
uSing this technique is out of the scope of a Master's Degree 
Thesis, but some of the features of this technique can be 
incorporated and the possibilities of improvement in this 


respect are unlimited. 


D. THE VARIABLE OBJECTIVES OF THE HANDOUT 

The objective of the proposed handout is not necessarily 
to teach a technique or a skill (such as the use of the Laplace 
Transform to solve certain differential equations). The objec- 
tives of this handout are variable from the student standpoint, 
accordingly to what stage of his education he is at. 

At the beginning, during the core, the main text of the 
handout is intended to satisfy the objective of CREDIBILITY 
and RIGOR. The student should be familiar (and if he has for- 
Gotten, the very first part of the handout will serve as a 
refresher) with the system or fixed-mass approach. The hand- 
out will lead him neatly and rigorously to the control volume 
approach through a transformation or extension of the system 


approach. 








This needs to be done only once and it can be done uSing 
a generalized notation. Also it is believed that a self- 
Study text has the potential of removindgmmae USitia ie bass 
room problems. 

In the next steps the student is led through specializa- 
tions of the control volume formulation. The students who 
are in the core are not expected to carry out these further 
Specializations, but he is expected to do so in his graduate 
courses. Here, the objective of the handout is to provide 
CONTINUITY OF SUBJECT MATTER through the whole sequence of 
courses. 

The same objective is pursued in the extensions leading 
to the differential form of the Fundamental Physical Laws and 
to other particular forms. He is not expected to carry out 
these derivations, but he is expected to understand where the 
equations come from and (eventually) the use of them in the 
context of the graduate level courses. Here the "mystery" of 
the equation written down without proof might be removed and 
the student uneasiness with an advanced subject alleviated. 

The entire handout should serve properly as a review and 
reference during all the stages of his career at the Naval 
Postgraduate School. The objective in this respect is HANDI- 


NESS. This is perhaps the most ambitious aim of this work. 


eeeerrie LEARNING PROCESS 

This thesis has been written according to the following 
basic ideas with respect to the learning process: 

1. The assumption that the student is motivated; he has 


the desire to learn. 








2. No mathematical background is assumed beyond undergraduate 
level. 
3. Certain basic vocabulary is assumed but the important 


concepts are defined or explained carefully and their 

understanding emphasized and tested in several parts of 

the text. 

4. There would be systematic reading of the context during 
the self-study use of these notes. The student will not 
proceed to another section without a fair understanding of 
the previous. (Approximate relative times for reading 
are stated.) 

Along the text, several quizzes, programmed questions and 
exercises are inserted to help the student recognize his own 
degree of retention of what he was supposed to learn. 

When a new quantity is introduced and assigned a symbol, 
the corresponding units are shown in the English system only 
as an example to help the reader recognize and associate the 
nature of the quantity. 

Also, to some restricted extent, some provisions are made 
in order to allow the student to extend his recently obtained 


knowledge to new situations. 


F. SUMMARY OF THE PRESENTATION OF THE SUBJECT IN THE HANDOUT 
The general idea followed during the development of the 
thesis was to treat the topic at the highest degree of 
generality and compactness consistent with the level of the 
Student ame then to particularize to arrive at useful forms 


of the equations. 








It can be mentioned in this respect that the reduction 
of the expressions of the three Fundamental Physical Laws to 
one using a generalized notation, was based on Ref. 2 after 
consulting several undergraduate level books and notes 
meets. 3 through 11]. 

The concepts involved in the control volume approach were 
applied to this generalized expression of the Fundamental Phys- 
ical Laws for a system, Later a general expression of the 
Fundamental Physical Laws for a control volume was developed. 
Then this expression was specialized to the particular laws in 
integral form and later in differential form. 

The advantage of this method is that the mathematical 
transformation needs only to be done once, enabling the student 
to concentrate on the actual mathematics without having to 
enti fy the "proof" with a single Fundamental Physical Law. 

The steps in particularization of the equations are con- 
tained in the supplements where the Navier-Stokes, Bernoulli 
and Euler equations are developed having in mind that very 
often a fair knowledge of these equations is required in 
courses such as Boundary Layer Theory, Convective Heat and 
Mass Transfer, Magnetohydrodynamics, Advanced Gas Dynamics, 


Turbomachinery and Aerodynamics of Wings and Bodies. 


Gee THE SCOPE OF THE APPROACH CHOSEN 
This thesis 1s a student's point of view on the subject, 
taking into consideration the difficulties found during his 


education. 


1] 








This type of approach may be helpful to fellow students 
in the same way as it has been for the author. 

Under the title of this, thesis, a brocder gpandemot ecu 
jects can be covered. However, some amount of limitation was 
found to be necessary in order to fulfill most of the purposes 
enunciated earlier in this Introduction. 

It is necessary to mention that the treatment of the 
Equation of State which is complementary to the Fundamental 
Physical Laws has been omitted. The reason for this is that 
this topic is covered in a thesis written at the same time 


by another student [Ref. 12]. 


eee Hee D OUD 


In order to have the proposed handout in a style and 
format more useful for its purpose, it is inserted in the 


Appendix. 


ia UREN OF he USE Oh ile AN DOU l « bitememnuiOle alls 


An earlier version of the handout was distributed to test 
its acceptance by the students. 

This was done in Course AE 2041, Basic Thermodynamics, 
where Ref. 6 was used as a textbook. Upon the completion of 
the Course the instructor made a survey of the opinion of the 
Students about the handout. The following are some results 


em such a poll: 
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okS 


eke 


% 


yA 


read the handout in its entirety. 


had sufficient background to understand tha 
material. 


felt that the materia! was of sufficren: 
difficulty to merit a handout. 


felt that the material was presented in a 
logical order. 


When asked whether they would prefer their textbook, the 


handout, neither, or both, the response was: 


40 
30 
1 
10 


a 
ye 
% 
i 


present text 
handout 
both 


neither 


One important conclusion based on the survey is that at 


least the handout received was a desired instructional aid. 


With the improvements made since then and other improve- 


ments that can be made after testing it again, the handout may 


be transformed in a very useful instructional aid to be re- 


ceived by the students at the beginning of their career at 


the school. 








IV. RECOMMENDATIONS FOR FUTURE WORK 


The handout may be improved mainly in the supplements. 

In Supplement C, the differential form of the Energy Equa- 
tion is only stated, suggesting that its development is simi- 
lar to the development of the Navier-Stokes Equations which 
in turn are not derived in detail for the sake of conciseness. 

Perhaps a few more steps may be added in the development 
of the Navier-Stokes Equations. The complete derivation of 
the Energy Equation in differential form is needed to satisfy 
the requirement of completeness for reference use. 

There are also opportunities for improvement in the main 
body in the style of the presentation. After being used by 
the students, the programmed characteristics may be increased 


to overcome difficult steps. 
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TABLE OF SYMBOLS AND ABBREVIATIONS 


area on the control surface 

control volume 

Control surface 

energy 

energy per unit mass 

acceleration of gravity 

dimensional constant in Newton's 2nd Law 
enthalpy per unit mass 


total enthalpy per unit mass 
thermal conductivity 
mass 


moment 

unit normal vector 

momentum 

rate of work 

pressure 

heat 

heat flow. Heat per unit time. 


heat flow per unit area. Heat per unit time per unit 
area. 


position vector of the center of mass of a system of 
barticles or position Vector of a particle. 


elie nopy 

entropy per unit mass 
system 

temperature 


time 
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<y¥ 


internal energy 

volume 

velocity. (v = |v| speed) 
work 


an extensive property that is "conserved" within the 
System 


a quantity that represents how the System interacts 
with the Surroundings 


height above a datum point 
VaASCOS It Y 

arbitrary vector 

density, mass per unit volume 


dissipation function 
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foe PRE ies 


A. A SUGGESTION ON HOW TO USE THIS HANDOUT 


This handout is supposed to promote a better understanding 
of the Fundamental Physical Laws (Continuity, Momentum, and Fn- 
ergy) and is to be read out of the classroom (i.€., self-study). 

To obtain better results, (usually) at the beginning of 
each chapter or section there is a note suggesting how far 
you, the student, should go on reading continuously. We do 
not forecast how long it will take to read and understand each 
unit because of individual differences, but our guess is that 
the first two units will take you about one hour. The esti- 
mates on the following sections are indicated relative to 
the first. 

If you do not have the time now to read continuously as 
Suggested, try it some other time, because partial reading 
will not benefit you in any way. 

Also, there are three types of testing material inserted 
along the text and you should understand their purposes: 


1. Self-Check Quizzes 


The purpose of these quizzes is to help you recognize 
your own degree of retention before proceeding to the next 
page of the material. Be sure to correct the wrong answers, 
and do not continue unless you feel you understand the dif- 
ficulties you had. fhe answer is usually at the bottom of 
the page, written upside down. 


2. Programmed Questions 


The primary purpose of these questions is to remind 
you of important points presented in previous sections. You 


must fill the blank space left on purpose and the answer is 
usually at the bottom of the page, written upside down. 
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a Exercises 


These are not truly testing material. Their surpose 
1S to make you think about further implications of thesour ace 
in an open-ended fashion. No answer is given for these. 


cree FUNDAMENTAL PHYSICAL LAWS 


In the solution of problems in Aeronautical Engineering, 
concepts from the Physical Sciences called "Fundamental Phys- 


ical Laws," must be applied. These laws relate to mass, 
momentum, and energy and are commonly referred to as "conser- 
vation laws" because under many circumstances they are truly 
conserved; however, the word conservation in its common usage 
takes a broader meaning which may be stated as "accounted for" 
or “not destroyed." We will use the term “Fundamental Physical 
Laws (FUPLAs)" because this will permit us to include the second 
law of thermodynamics relating to the entropy which is not con- 
served in a natural process. In addition to the FUPLAs, in- 
formation is needed about the fluid itself usually contained in 
the Equation of State. This equation describes a set of unique 
relationships between state properties and may be found in 
algebraic form (the ideal gas law), tabular form (the steam 
tables). or graphical form (p-v-T surfaces, etc.). 
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Meee bASIC DEFINITIONS 
Read continuously from here to the end of Section D. 
1. A Word about the Notation 


Through all this work a ~*~ (caret) will be used over 
the first letter of a word which has a specific meaning in 
this text. For example, whenever the word cycle appears with 
fae over the letter "c" (i.e., cycle), means a precise concept 
and that there is no other meaning for the same word. 


aw 


All words beginning with a letter accented with are 


carefully defined in the following list. 


21 








Fluid: a substance that deforms continuously under the action 


of a shear stress. 


System: a collection of matter of fixed identify (Cortrol 
Mass). 


Control Volume (CV): a region in space of fixed size through 
which fluid flows. It may be stationary, moving uniformly 
(inertial), or accelerating (non-inertial). In this work we 
will consider the CV always fixed with respect to an inertial 
coordinate axis system, | unless otherwise specified. This 
volume is bounded by a control Surface. 


We want to insist on the idea that, although the con- 
trol volume has to be fixed with respect to an inertial sys- 
tem of coordinates, it does not necessarily need to be fixed 
in space. The following illustration shows this. The vehicle 
may be moving through space but the control volume is fixed 
with respect to the vehicle. 





mroure Ie Fixed Controlmclune with respect to inertial 
frame of reference. 


Our development is constrained to this case for simplic- 
ity and to fit into the scope of the handout like this. Impor- 
tant Aeronautical Engineering applications require non-inertial 
frames of reference, such as in turbomachinery, for example, 
[Ref, 13]. 


Bee 








Surroundings: everything outside the system 


be 


Extensive Property: a property that is mass dependent. 
can be a scalar, as energy or a vector, as momentum 
Fundamental Physical Laws (FUPLAsS): there are three funde- 
mental physical laws which, with the exception of rela- 
tivistic and nuclear phenomena, apply to each and every flow, 
independently of the nature of the fluid under consideration 


State: the condition of the system characterized by the 
values of its properties 


Process: the path of the succession of states through which 
the system passes 


Cycle: a system that undergoes a series of processes and 
always returns to its initial state 1s said to have gone 
through a cycle 


Properties: characteristics of a system that define its state, 


o 
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TABLE I 


FUPLAs (From Observation) MATHEMATICAL FORMULATION 


Conservation of Mass Continuity Equation 


Newton's Second Law of Motion Momentum Equation 


First Law of Thermodynamics Energy Equation 





Note that Table I is incomplete. Other FUPLAs will be seen 
later. 


2. A Word about FUPLAs 


Perhaps the reader has become uneasy about the previous 
wording. All those terms, with the caret (which denotes a 
specific meaning) and the solemn title "Fundamental Physical 
Laws," may lead one to think that these laws have something 
mysterious or difficult to understand. 


ins snould note be so. 


These laws were deduced from observations of nature. 
Nature behaves this way. It has always behaved so and nobody 
has reliably observed a contradiction to this behavior. 


This is the only “proof" of these laws. 


Later these Fundamental Physical Laws are put into a 
mathematical form in order to manipulate and work with these 
concepts in the precise and synthetic language of the mathe- 
matical symbols. 


This almost trivial example shows that the FUPLAs 
belong to everyday experience: If you had a dozen apples 
which you were to squeeze to make apple sauce with, you would 
not be conserving the number of apples. What is to be 
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accounted for is the matter (mass)! when the Seedseancquormean 


aiscards ere .tarens into account. 


FUPLAS are the generalization of many reliable observa- 
@ions (i.€., Matter 15 not destroyed sea tels trans 1 opme cma 
other forms of matter or into energy). 


Z5 





Dew SELES Gn iC canGniiaa Ores 


Select the proper answer 


1. The 
an 
on 
ain 

2 The 
a. 
b. 
Gx 
ale 

PeeERCISES: 

What 1s 

height h 


Contro! Volume is: 


a collection Of mass of fixedmiudentcary 
always the volume occupied by the system 


a region in space of fixed size through which 
fluid flows 


always stationary 
Fundamental Physical Laws: 


are deduced from observation of nature 


can the proven using highly complicated mathemat- 
ical procedures and as a result of this, most of 
the textbooks do not have them 


apply to certain types of fluids, flowing under 
Special conditions 


have no mathematical expressions 


(e)zg pue (9), :Suamsuy 


conserved when an object of mass m falls from a 
in a gravity field? 


A typical reference State for air is standard conditions. 
Do you know what this means? 
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LI. DEVELOPMENT OF EXPRESSIONS FOR THE FUNDAMENTAL 24YSICAL 


LAWS FOR A SYSTEM 


Read continuously up to the end of Section E. 


A. CONSERVATION OF MASS 
A system is 


Let us consider the following system 





Figures cum GaS,in a closed cylinder 


Experience tells us that matter will not flow in or out 
through the solid boundaries of this system (or any other), 
as time elapses or as the identified System wanders through 
Space. Also, matter will not be created spontaneously within 


the system. From this last statement we may write 


Me yst COmsStane | ae 


Meyst ‘ Feysea™ (2) 


“AQLYUSPL paxly Jo ssew so AQlLyuenb e szuamsuy 


7a | 








_ dm eee 
LT 0 Sy OSs te > Oe ayers 





5 dV Get), 


Differentiating with respect to time in Ea 3)8ac 6e ome 
in mind that the left-hand side is a constant (from Eq. 1) 
we get 


d : 
duwaystmee | 4 (4) 


Note that in the above, as well as throughout the rest of 
this Section II, integrals over the mass (as in Eq. 2) are 
being used. They are changed into volume integrals provided 
we can use the mass density p. In other words, for the system 
analysis, integrals over a fixed quantity of mass are being 
dealt with, and eventually these basic laws in terms of control 
volume will be expressed. In order to avoid confusion as to 
which one the volume integral belongs, the term "syst" will 
appear by the integral sign when a fixed mass is being analyzed 
and the term "CV" when a fixed or control volume is being 
analyzed. 
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B. MOMENTUM EQUATION 


Consider a differential volume element of our system which 
is traveling at velocity Vv. This volume element will have a 
mass dm and again 


dm = opdV (5) 


and a momentum 


dP = vdm (6) 
dP = WodV (7) 


So that the total momentum for the system will be 


a 
syst Pe syst vedV (8) 


Differentiating Eq. 8 with respect to time 
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q. = Ses Vi ) 
t SVs t oe dt Jsyst eR (9, 


o. 
(ee 


The Momentum equation is the expression of Newton's Second 
Law of Motion which states: 


"The time rate of change of momentum of a system 
is proportional to the net external force acting on 
system and takes place in the direction of the net 
force." 


(Is there a "proof" for this law?) 


Therefore, 


> 7 d > 
Woe Ge Jowee dP (10) 


The net force is made up of contributions of two kinds of force, 


namely, 
F F +> F lel) 
Fhet e volume surface ( 


The above distinction regarding the net force is needed 
because of the different nature between, say, the force of 
gravity and a pressure force (Supplement A expands on the nature 
G@aetnese forces). | 


INmserting Eq. 9 into Eq. 10: 


~> _ 4d ae 
ses Tae syst? v dv (12) 


If there is no net external force, Eq. 8 becomes 


d Sa 

dt \syst dP = Q (alee) 
or 

P = constant (i.e., momentum is conserved) 


(14) 


The student should eventually learn to recognize the dif- 
ference between the collision of two billiard balls and of two 
balls of putty in terms of the momentum equation. 
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Again, all that has been considered so far, with respect 
to the Conservation of Momentum, is restricted to the syste. 
approach. At this point the above will not be very useful 
if the system is difficult to identify. 


bee ENERGY EQUATION 

The Energy Equation is the mathematical expression of the 
First Law of Thermodynamics, which can be stated as follows: 
olf a system is carried through a cycle, the total heat added 
to the system CV Olneats Surroundings 1s proportional to the 
work done by the system One iS Surroundings.” 


Pos whavesa systemumtnat 1s, a Gllantity of matters! efile 
identity, traveling through space (changing its position with 
respect to an inertial frame of reference as time elapses). 


Let the path of the System be in such a way that it will re- 
turn to its initial state. In doing so, it has performed a 
cycle. 


During the cycle, heat may be added to the system by its 
Surroundings and in turn, work may be done by the System on the 
Surroundings. A useful cycle TS Ce p hG Be der lie Igo umor 


Notice that the previous discussion and Figure 3 refers to 
a system undergoing a 6yClene Ulla 15, 
A similar discussion may be made for a 
system undergoing a single process. 


Since energy is related to heat and work, for a process — 
an expression for the First Law of Thermodynamics in the 
rate form can be written: 


Rate of heat rate of work rate of change of 
flow into the |-{ done by system} = | energy within the (15) 
system Ver one System 


Surroundings 


© 


Here, the following sign convention is used: Heat added t 


3 | 


the system by the Surroundings, positive (+). Work done 
the surroundings by the system, positive (+). 


Tore ULo NO St! Of WezsAS oy 
JO 3340325 9uz suunqau skem_& yeUuy sassad0ud yO Satuas eB s4amsuy 
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Figure 3. Gas cycle 





Figure 4. Sign convention for the First Law 


Si] 








This sign convention is not universal. Some authors use 
Bummer CONnVeN UlOns. 


Let us define the following symbols: 


Q rate of heat flow (e.g., in enc 

note f t= bt 
P rate of work done (e.g., power 1.6 en — sec Or watts) 
e total energy per unit mass (e.g., ee) 


Then, one may write the energy equation for a system from Eq. 


5s 
Gp ee _- e dm (16) 
forse eo dV ‘ly 


The idea that energy cannot be created or destroyed within 


2. 


Pa | 
{ 
Ja 
1] 
a4 oO a 


a system, but that it can be exchanged is an old one and is 
easily accepted due to the fact that it has never been ob- 
served to be violated in nature. 


The problem again is to extend the Energy Equation to cases 


mere it is difficult to follew the contro) mass. 


D. SUMMARY 


The expressions for the FUPLAs for a system is summarized 
in Tables II and ITI. 


Table II will be extended to other Laws which has not yet 
been discussed. 


In Table III there are some symbols not defined so far. 
Refer to “Extension of the Control Volume Approach to other 
Fundamental Physical Laws" for explanation (Chapter IV). 


Sa 








TABLE [1 


SE SS SE a 


Fundamental . Name Usually Given EXO Res Sic meu 
Physical to the Equation a System 





Law 


Conservation Cone iit iteyee aiiat lGm 
of Mass 


Newton's Momentum Equation 
Second Law or 
of Motion Momentum Theorem 


First Law 
of Energy Equation 
Thermodynamics 





ele lel 







Fundamental 


Name Usually Given Expression for 













aewcat to the Equation 


Law 








Angular 





Moment of Momentum 
Momentum 






Second Law 
of 
Thermodynamics 






Entropy 





Looking at the two previolsetables, a clear pattern is seen 
in the form of the expressions for the FUPLAs. We may gener- 
alize this form as 


d 
as Kwa = Y (18) 


Sc 

X represents an extensive property that 1s "conserved" within 

the system provided that the right-hand side of Eq. 18 is 

Zewo (Y=0). 

YY is a quantity that represents how the system interacts 

With the surrounding. Y's act on the system to change the X's. 
Note that there has been no difference in our description 

for a system composed of a differential quantity of 


os 








Tluid “or, Say, sesso lad stcheasea canes Bal. | Siero ae 
system description, however, inconvenient in a flow 
Me ie Se ie lie ee Viet dc] ee. 


Siva ct ion 


Suppose you can identify a fixed quantity of air flowing 
Into a fan jet aircraft engine. It would be Very sdl ffi eu eede 
follow that identified mass of air as it travels through the 


engine and experiences changes in properties. See Figure § 
below. 


oo 
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Figure 5. A jet engine 


It would be much easier to choose a convenient control 
volume, Fixed with respect to the engine for example and then 


investigate the changes in the air properties as it flows in 
and out of the control volume. 


Exercise: 


What would be a convenient control volume to describe what . 
happens to air as it passes through a smoking pipe? 
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Ba) SEL PaGree KK OU eesNen 2 


Select the proper answer 


ee 


A system Loe 


a 

b a collection of matter of fixed identity. 

c. a collection of mass of fixed position. 

d the set of substances that makes up a mixture. 

The Momentum Equation is: 
the expression of Newton's Third Law of Motion. 
the mathematical expression of a Law based on 
observation of nature. 
other name given to the Moment of Momentum Theorem. 
the expression of the Law of Conservation of 
Angular Momentum. 

The First Law of Thermodynamics: 

a. cannot be applied to a flow situation. 

b. has a mathematical expression usually called the 
Eee (ele Whee) wae 

Co, is applicable to the interchange of heat and work 
between the System and the Control Volume. 

d. has a mathematical expression called the Energy 
Batic iol 

IMIG S80 PASS VOWS "Ole Biv Fundamental Physical Laws for 

a system: 

a. show a clear pattern that makes possible to 
generalize them using a simple notation. 

b. are difficult to apply in certain flow situations. 

Comanvolves Vvectormanady Or Scalar quan titles. 

d. all the above are correct. 


the quantity of matter inside the control volume . 


mph (Pye -(a\c (4 leee: Slemauy 


S16 








In the generalized expression for the Fundamental 
Physical Laws for the system the element of volume 
dV is related to: 


the Control Volume. 


a volume inside which properties change from 
HOw BO jeer s. 


c. the space occupied by the system which 1s 
Stic wei at vee 


ad. Mionewo,sune above Ws correct. 


(p)G s4amMsuy 
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III. DEVELOPMENT OF EXPRESSIONS FOR THE FUNDA: : TAL PHYSICAL L 
LAWS USING THE CONTROL VOLUME APPROACH 
Read continuously up to the end of Section B, but only if 
you are acquainted with the material up to here. Otherwise, 
do not proceed until understanding the System al D+ Ord ¢ Iho 
can expect the reading of this unit to take about twice as 
long as each of the previous units. 


fee tHE DEVELOPMENT IN GENERALIZED NOTATYOH 

Instead of developing Separate expressions for every 
inc camental Physical Law. all of them can be done at once, 
using the generalized notation 


d 


aired X dV = Y (18) 


syst 


Remember that in the above expression: 


leer ls Valid’ for a only. 
2. XdV is an extensive property--a dependent quantity 
that is conserved the System when Y is zero 


(except for the entropy). 
3. Y is a quantity that affects the state of the system. 


4. The differential dV refers to the volume filled by the 
DO NOT CONFUSE WT ty ne 
PUCOROUSEY SAND COP EET ED SRIF Ee Renn CONTROL VOLUME. 


We will use a control volume (CV) fixed with respect to 
Fluid can flow through this 
control volume. A Ey Piealeeey SISmOeDTeted: 1m f1d. 96. 


W3ZSAS JRZeULPUOOD [el aUdUl 
WazSAs AO ssew LOUZUOD “4 
~ —ULUaLM 
SS ew Z 
sseu [OUQZUO0D uO W3aZSAS “*{[ 3SUaMSUY 
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Figure 6. A Nozzle as an Example of Control Volume 


Ft is possible to proceed with our development using 
the above shown control volume, but a more general form or 
Shape may be preferred, since we are trying to be general 
in the notation. In solving particular problems using the 
control volume approach a wise choice of a convenient 
control volume, SUltabple to warticuvar Sittuatrons.eias tO 


be made. 
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Let us consider the following generalmtp low 
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5 VV 


occu sid 


ly 


(ad f= 
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LSssen 


Ene -contyol so lume 


oh oi 


At time 
the system (V 


syst ~ Vey): 


€ 
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Smanpsmot at time “t” 


Piguive =) 
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iS eee 
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iSileeth yee 


1 TGiuiaes 
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At time 
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wae 
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have changed shape at t 
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System may 


“” 


Note that the 








Region I: common to the control volume and the system 


eG) Ole. occupied by the portion of the Syste chat left 


the control volume during the interval At 


Peocmon brs ) poi biOmeon control volume unoccupied by matter 
belonging to the System because it changed 
DOS We VOneduritos theo inrery dimeae 


From calculus, the time rate of change of the extensive 
property X in the system is 


d 


a syst* dV = | 


] 
SM ccofiy Me syst’ ltl os syst’ ay (19) 


OttAt Ot 


Remember that in this case the differential dV refers to 
the volume occupied by the system not the control volume 


Now at time t + At 


syst = region II + region I (20) 
ane 

Syst = region II + CV - region III (21) 
and at time t : 

ou. = mel (22) 


Using these last volumetric considerations: 


r : } 
systX AVelim | xd | pra XAV* | cy dl Be SNe arch 
@ttAt @ttAt @ttAt Gt 
(23) 


> 


es (er 
ct 


Rearranging: 


oe lon “ 7 : 
syst re ae cy *% dV-] Gyk af a X wf guy dV 
OttAt et OttAt Ot+At 
e 4) 


(2 


@ 8) fae 
ct 
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Let us work with the right-hand side of Eq. 24 taking two 


terms at a time. 


The first two terms represent changes with respect to time 
of the extensive property X inside the control volume. 


Thus using the wdepitiri tion oF. 11 ine: 


lan. e) 

eG a X dV i X dV rs iS dv (25) 
Note that the right-hand side of Eq. 25 has a partial 

derivative, meaning that there is a change with respect to 

time of a quantity that depends on several independent vari- 


ables. In the control volume X = CRS AV ra) 


We will take care now of the last two terms of Eq. 24 


ida 
ee MS it ae 


@ ttAt @ ttAt 
These terms, associated with regions II and III, represent 


X dV 


the amount of the extensive property X inside these regions 
meme iine ttAt. 


The amount of the extensive property X inside II at time 
eee can be related to the amount of X that can enter during 
fee LNs region, crossing that part of the control surface 
represented by segment 3-4 in Fig. 9a. 


Similarly, the amount of property X inside III at time 
ttAt can be related to the amount of X that can enter to this 
region during the interval At crossing that part of the control 
Surface represented by segment 1-2 in Fig. Qa. 


Later we will find what this relation is, in order to 
transform the two last terms in Eq. 24. 


Referring now to Fig. 9b: Identify the system drawing a 
segmented line as in Fig. 9b. Also identify the segments 1-2 
and 3-4 of Fig. 9a. in the blank circles in Fig. 9b. (Answer 
uaer ig. Be) : 
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Control Volume —— 
System ae 


Figure 9a. One dimensional version of Figure 9b 
oh 


Figure 9b. Two dimensional projection 
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Let us find the mathematical expression of tne amounts of 
: . a ~ 
property X flowing in and out of the control v« 2 uSs the 
aad “a ° . e ~ ~ _ 
Gontrol surface. If dA is an increment Im the contre |) simu. 


represented by segments 1-2 and 3-4 in Fig. 9, then 


Vv n is the component of Vv perpendicular to dA, 
(Vv - n)dA is the volumetric flow rate and 
X(V : n)dA is the flow of property X 
Note that X(V n)dAAt = amount of X that crosses dA in time At 


Since dV = dA(v + n)At 


Replacing this last expression for dV in the last term of 

the right-hand side of Eq. 24 
‘too we [aX Y= ley ae [arrk(¥ + TGA at 
@ttAt C Gat 

The integral in the right-hand side of the above equation 
represents the extensive property X that flowed into region II 
during the interval At and it was said before that this flow is 
across that part of the control Surface represented by 3-4 in 
Fig. 9. Then defining A 
segment, one may write 


Tim 1 ae E aa (26) 
‘C10 ayane RTT Xt n) dAAt = A May n) dA 
Cig Aye out 
Now if a vector n' is defined as inward normal (inward and 


outward refer to the control surface) the quantity 


aes the area corresponding to this 


A. Xv ° n')dAat will represent the amount of property X 
that we inowied intone gron Jil during At, So 


lim ns a ” ar 
At+0 xt Il oo ; X(v + n')dA (27) 
© ee aye in 
aueerrom Eqs. Zo and 27 
lim ae > > 
At+0 iz Re ={ pivi® oY j= ee 
@t+At CrEan t 
« (28) 
A MV eon in 
in 
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but n = -n Davie Om iomeat nc ted ony) 


lim 
Peeo i pyy*> a {aa {a0 n) dA 
@t+At Qt+At (29) 


+ X(v + n)dA 
in 

The combination of the two terms on the right-hand side 
of Eqs. 28 and 29 represents the flow across the boundaries 
of the control volume that occupies regions III and I at 
time t + At. We can rewrite Eq. 29 as 


im | 
ape mel | pee Ce = Nanay 
@t+At @t+At 


X dV 


(30) 


Because the integration over Ain and Aout is the same as the 
integral over the whole control surface and nds = dA we can 
weestitute Eq. 30 into Eq. 25 


(31) 





which can also be written as 


d _ an n 
Se [aya dvV= |oy Se dv + ogX(¥ - dA) (32) 


(Through the use of Leibnitz rule which is applied to the 
control volume in space.) 

The first term of the right-hand side may be considered 
as the rate of change of the quantity of X stored in the 


Control volume while the other term as the net flux of X out 
of the control surface. 
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Equations 3] and 32 are very important because they re- 
late the time rate of change of property X within a systen 
or control mass with changes happening in the control volume. 


Let us examine the first term of the right-hand side of 
Eq. 31. It represents the time rate of change of the exten- 
Sive property X within the control volume. It is a triple 
integral or a volume integral, so when we write 


,) ,) 
at cy* dv we mean -{{ dV 


ims term 18 Often called “local time rate of change’ or storage 


term. 

The second term of the right-hand side of Eq. 31 represents 
the net efflux (outflow) of the extensive property X across the 
boundaries of the control volume, also called control surface. 
The vector dA is perpendicular to the control surface at every 
point of it and is positive when directed outward. The dot 
product v times dA gives the projection of v over the normal 
memene surface direction. Again: 


-> 


ony | dA) we mean agk(¥ + dA) 


ars term 18 often called “the convective term. 


BauaerenSmol and 32 ames transrormation equations that en= 
pore US to obtain an expression for the FUPLAS for a control 
volume from the corresponding equation for a system. 


From Eqs. 31 and 18 we obtain 





This is the generalized equation for the FUPLAs in 
control volume form. 
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B. PARTICULARIZATION OF THE GENERAL EXPRESSION 


Now that Eq. 33 gives a general expression for the 
FUPLAs in terms of X and Y, it may be applied to specific 
cases: 


1 CONE ITU ey eee eich aon 


X = Oo 
* = 0 
a odV + 0 v . dA = 0 (34) 
at JCV ES 
or 
fied de nO (359) 
2. Momentum Equation 
Note that here both X and Y must be vectors. 
> = ov 
-- 
's eae 
—- pyovdv + Woov(¥ + dA) = Foo, 
or 
(36) 
oe 
7) 
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or 





In supplement B, Eq. 38 is transformed into a more 
convenient form by introducing the enthalpy. This form is 


shown below (read supplement B to see how this was done). 


Q - Poy = 8 (oe) dv + 


>+,2 ae 
CV Ot (h " oon 2) a2) e(V - dA) 
C 


GS 
G 


Where Poy ismuncma@e PAUSeTUL (Shatt)  wonk. 
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CF 


SELF ACHE CeO UZ OZ 


Select the proper answer 

1. In the generalized notation expression for tne FUPLAS 
d XdV = Y 
ane Syst 

The quantity X: 


a. must be a scalar. 

b. is the unknown of the problem. 

Cc. represents an extensive Droperty. 
d none of the above. 


2. At time "t" the control volume and the system: 


are held stationary with respect to an inertial 
frame of reference. 
b. occupies momentarily the same space. 
c. are partially contained one inside the other. 
d. cannot exist at the same time. 


3. Which of the following expressions is correct based 


Gnecale lus Kmotimg that dmeetiie: GVsek el x. yee le 


i 


ioe | _ 
eo Sa &e te gt XV 7 


_ de 
syst! ge ~ ale - 
Gear ie 
p lim a. 
’ At+0 SSE syste ot 
@tt+At 
(ai == sl some Da 
q: At+0 At Sy sit syst* = Gli we 
@tt+At Gt CV 


ya 


& E 


t 


lim 
3D) ee 


Cc] 
| 


[> | =! 
| 


EE 


"(d9)e §(q)zZ S(9)L 2SHAeMsuy 
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The following equation relates the expression for 
Pili Ua S iste Olsen system with an expression valid for 
the control volume 


ee Ae ee ay 6 
ayst*" = 3F cyrav + cg k CV dA) 


au (em 
ct 


a. This equation is directly derived from observa- 
On eo meiicst Uler 

b. The first term of the right-hand side is really 
a volume integral and is known as the "convective 
term." 

c. The second term of the right-hand side of the 
equation is a surface integral sometimes called 
the “convective term.” 

d. Can be applied only to unsteady flows. 


Noy : ams UY 
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IV. EXTENSTON OF THE CONTROL VOLUME APPROACH T9 OTHER 
FUNDAMENTAL PHYSICAL LAWS 


The Law of Angular Momentum and the Second Law of Thermo- 
dynamics for a system were stated without any further 
fomsiderations in Table III. 


Now we will try to obtain expressions of these laws 
applicable to a control volume. 


A. ANGULAR MOMENTUM 
From the development of the momentum theorem for a system 
in Table II or Eq. 12 
2 d 


Fhet dt syst~ oN (40) 


Performing the cross product of both sides of the above 
equations with a vector Y whose Origin is fixed to the same 
inertial frame of reference relative to which Vv is measured, 
we can write 


M d_ 


Ret : syst /* v dV (41) 


The quantity in the left-hand side of the above equation 
is the moment of the force eee with respect to the origin 


of r. We have assigned to the moment the symbol ee 


The integrand on the right-hand side of Eq. 41 is the 
cross product of the moment arm r and the momentum and defines 
a quantity called moment of momentum or angular momentum. 


Using the generalized notation introduced previously: 


X = o(¥r x V) (42) 
Y = Met . (43) 


ai 








Figure 10. Coordinate System 


Using the expression for the Fundamental Physical Laws 
developed for a control volume in Eq. 29: 


d 


—— 


,) 
ic such 


(roxio. 


_ nal x v)dV+ (r x v)(v-dA) 


cs 


(44) 





This is the so-called Moment of Momentum equation. 


B. SECOND LAW OF THERMODYNAMICS 


The Entropy Equation for a system as the mathematical 
expression of the Second Law of Thermodynamics was stated in 
Table IIT. 


oe 





ee valid for an irreversible process 


On 
4D 


=e S (45) 


4 


—_— valid for a reversible process 


Where 6Q 1S a small quantity of heat transferred during 
an elementary part of the cycle, T is the absolute tempera- 
ture at that point of the boundary, S the entropy, a 
property and s the specific entropy (entropy per unit mass) 


S = syst SP dv (46) 


Also 


SO = nee qdt dA (aye) 


where q is the heat flux (amount of heat flowing) per unit 
time per unit area 


q = or (ay) (48) 


Dividing both sides of Eq. 47 by T 


6Q q 
T area | dt dA (49) 


Seostituting Eq. 45 into Eq. 49 


q 

dS > Baa dt dA L503) 

ds q 

dt — area 7 Se {51} 
but from Eq. 46 

dS _ d 

du 0 de wsyst > a Oe) 
cmee finally from Eqs. Sil vand 52 

| saat & q (53) 

de woes Ss t a me area + dA 


oye 





Ca 


SEE = CFG miu tee) eect 


le 


Can you associate Eq. 53 to the generalized 
notation that we had already developed? 


What 18 the difference, besides the type of 
quantities involved, between Eq. 53 and the 
expressions for the other FUPLAs for a system 
ii ep enti 


Can you develop an expression for the Second Law 
of Thermodynamics valid for a control volume? 


(See answers on next page) 


5 4 





Answers to Self-Check Quiz No. 4 


re 


a= OS 


q. 
2. Area | dA 


The sign > depends on what type of process is taking 
place for the heat being transferred in or out of 
the system. The equal sign holds if the process is 
reversible. The inequality sign holds if the 
process is irreversible. 


Aoplyingexeand ¥ to Eq, 29 
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A. CONTINUITY EQUATION 
Olea be Cia ce 


QD 


3 dV + ese lV Sal) = 


Q 


CV 
Applying this equation to the following case: 


One-dimensional, steady, incompressible flow as shown in 
ma. |). 





Rigure ll. Container with unequal inlet and exit areas. 


One-dimensional flow means that the velocity is a function 
of coordinate. There is no change of 
velocity with respect to other coordinates. 


Steady flow means that the velocity is not a function of 


OWL 4 
jerzeds auo Al uo 
>SUaMSUY 
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Incompressible flow means that the does not 
change. 


Considering the above, we can immediately make the first 
Germ of Eq. 34 equal to zero. 


Now Eq. 34 becomes 


pels ae Constant SO We can take 1¢ oUt of the integraleam 
mae 54. 


Also v is a function of x only so 


> > 
V = Vo 
Xx 
And 
dA = dA 7 + dA 3+ dA_k 
y 2 
But 


> Se oa 
v ° dA = Vay + Q ae ue (e dA, 


So Eq. 54 becomes 


v dA = Q (54) 
CV 
It is only necessary to evaluate the integral Eq. 54 to 


Beacons | and 2 of the control volume Since there is no flow 
through the walls 


OV AS) een) eee C 
2 | 
Eliminating the subscript x: "x, = Vy and Po = Vo 
Vy A, = A, (55) 


In the evaluation of the integral equation care must be 
taken with the signs remembering that dA, can be positive or 


AZisuap z4amsuy 


5) ff 
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negative, depending on the a 
(j.e., at the inlet v - dA is a aurea per) 

In the following example we will show the system and con- 
trol volume approach to an unsteady problem. 


B. EXAMPLE OF APPLICATION OF THE SYSTEM AND CONTROL VOLUME 
APPROACH TO THE SOLUTION OF AN UNSTEADY PROBLEM 
A partially evacuated bottle initially containing a mass 
m4 is to be filled with air from the atmosphere until the mass 
reaches a value of Mo « Find the work to be done to achieve 
mrs and if there is no heat interaction, find the change in 
internal energy. 


Pees Ss tCemecOMUtiomn 


A system or control mass 15 


We have to choose a system consistent with the above 
definition. The mass during the process must remain unchanged. 
For this purpose we define the system boundaries so as to 
enclose the final mass m, at all times. (See Figures 12 and 
Se). 


We are consistent with the definition because this 
system contains a fixed quantity of mass (m,) although the 
volume that contains it changes. 


The boundaries of the system at time t contain mass m4 
inside the bottle and mass My - My Outside the bottle. | Vie mmass 
of fixed identity, i.e., the system is 
(write an algebraic expression in terms of m4 and Mo). 


bu 4 (tu = Cw) - %y 

AyiLqyuapt paexiy go ssew go AqtLyuenb e 

7 oALZebauU 

Bale old HUlieseerMomacan OU JO UGlaooum oman 
> SUOMSUY 
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insulated 
bottle 





PUGS Ne. SMswan Seitici@n,  Sieate 1. 


Insulated 
bottle 





Beoune  1o.=8 SYstem somution. “State: 2. 
oe 





At time t + At the boundaries of the syste 
changed forming a new volume, but being consistent with the 


definition of systemathe mass containegman it is stil] 


Using the First Law of Thermodynamics with the sign 

convention of Fig. 4 we may write 
hep ly Ee (56) 

The first term on the left-hand side of Eq. 56 may be 
eliminated because 

If the only changes in energy are changes in internal 
energy, we can apply the above mentioned expression of the 
First Law of Thermodynamics for a system, reducing it to 

pee as 

The change in internal energy is the internal energy 

at t+ at minus the internal energy at t 


ol MoUy - [m,u, + (m., - m, ) u ] (Sy) 


atm 
Where the subscript "“atm" refers to the properties 
Oeune air at atmospheric conditions otitside the bottle. ihe 


atmosphere acts as a reservoir (all properties remain constant). 


The work Wo is the work that has to be done on that 


part of the system outside of the bottle at time "t" to 
meenroduce it to the bottles 


os Debi Mean’ - (m, : my) J (58) 
and Eq. 5/7 becomes 
aie atm Sosy) 9 ots Lmaumemabmeam) Nate 4 ee) 


2. Control Volume Solution 


If we now solve the same problem using the control 
volume technique, we have to choose the control volume 
conveniently. 

pozetnsul St 919 30qQ oy 
Cus SuaMsSUY 
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insulated 
bottle 





Atmosphere 


EP oiices 1d. Control volume solution 


During the process of filling the bottle the atmos- 


phere is a . Its properties (i.e., p Usem and 
orem? 


atm?’ 


Recalling Eq. 39, the general expression for the 
Energy Equation for a control volume. 


7 0 v é > 
oT - Lv = sea) all = (ho + Je + z +)p(V-dA) 
CV cyot CS 2G). J. 


In the problem under consideration there is no heat 
transfer and we can neglect both Poy and the potential energy 
@ianges. thus Eq. 39 reduces to: 


>+,2 ee 
2-(e) dV + (h+ Lo (Waa) aan! (60) 
CV cs ~C¢ 


We are solving a non-steady flow problem. Integrating 
Eq. 60 with respect to time, ty being the time at which the 
bottle is filled with mass My, We have 


pabueyoun uLlewau 
ALOAASSAN4 ZSUaMSUY 


6 | 





E 2 
2 (ep) av + (5 Se a cab OS oan 


CV CS 25. 





0 


Working the integral Eq. €1 by terms, we have for the 
first term 


te 


9 
cy ot (ep) dV |dt = | dE (62) 


And if all changes in energy inside the control volume are 


0 


changes in internal energy, Eq. 62 reduces to: 
te 
9 


ay 3t (ep) dv | dt = U, - Uy (RS) 


0 


Where the subscripts 2 and 1 mean final and initial states 


respectively. Now let us define 


+2 
2 | v | 
h, =h + 7g (64) 


the total or stagnation enthalpy. Replacing Eq. 64 in the 
second term of Eq. 61 we obtain: 


i ; ; “¢ 
ag (ld © Zg_)P(¥-dA) de = , os Mt o(v-dA) | dt 
(65) 
But o(¥-dA) . om . For details on this see Fig. 9 and the 


4G 
@evelopment of Eq. 26. With this, Eq. 65 reduces to: 
ie iL 
if Ze ie 
dae a 
i (h + PY) 6 (% dA) dt = (hy ae) 1) dt 
es Te 
out Tn 
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There 1s no outward flow of mass. The total! inflow of 
mass during the interval from time 0 to ty is (1°, ). 
During this interval, the total or stagnation enthalpy of the 


air entering the control surface is equal to the constant 


atmospheric enthalpy ae With all these considerations, 
Eq. 66 reduces to: 
He 
f r — 
= (h te 7g) ove dA) dt = - (mM, ~ m4) Jere (67) 
0 é 


SUpsStleucung EQss O38 «and Of ine bdsseolewe Obtain. 


Un - Uy = Magmemg - ™) 
And if 
we Oa 
Mat ~ Patm atm * Wati 
U, = uy Mm, 
Patm atm M2 : my) - [mu, 7 (mM, - my) “atm (68) 


Equation 68 is exactly the same as Eq. 59 obtained using 
the system approach even though a few additional steps were 
needed. 
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In discussing the Momentum Equation we had in Eq. 11 


nen > Fo tume +> Peyrtace 


And at that time the distinction between a body and a surface 
force was not explained in detail. 


The body or volume forces are proportional to either the 
mass or volume of the body and comprise those forces involving 
action at a distance. Ihese forces are a consequence of long 
range force fields, and include such examples as the force of 
gravitational attraction, magnetic forces and electrical 
(coulomb) forces. For accelerating coordinate systems, "inertia 
forces" such as centrifugal and coriolis forces would also be 
included. But in this case these last two forces must not be 
considered because Our development was done for an inertial 


coordinate system. ¢ 


Surface forces are those forces which are exerted at the 
control surface by the material outside the Control volume on 
the material inside the control volume. These forces are a 
consequence of short range force fields. Such forces are 
exerted in the form of surface stresses. We can distinguish 
myo types of surface forces: ({1) those arising from normal 
Stresses, or pressures, acting on the Control surface, and 
wz those arisind from shear stresses, or viscous stresses, 
acting on the control surface. 


see footnote on page 22. 
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Body or volume 
forces 


Externa |] 
Forces 


making up 


net 


Surface forces 
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Gieavitational 


magnetic 
elece rice | 
inertial 


centrifugal 
COY 1.0 lugs 


pressure >normal stress 


ViESiGous Or 
Shear 


> snear stress 





OF THE ENERGY EQUATION 


Applying the general expression for the FUPLAs. Eq. 31, 
to the Energy Equation 


oige) dV + oe(v-dA) = Q-P (38) 
CV CS 


Also stated without proof was that Eq. 38 can be transformed 
mmeo Eq. 39. Iodo this, what P 1s must be considered. In 

Eq. 16, which is the most elementary expression for the First 
Law of Thermodynamics, was stated that P was the rate of work 
done by the system to the Surroundings. 

In Supplement A the nature of the forces that may be present 

and dividing them into body and surface forces, was examined. 
Body or volume forces do not appear in P since they do not 


represent work done on the Surroundings. Rather, they appear 
in the energy term as a potential energy (for most cases of 
interest). We write e as: 
vie 
e = ut - oe. (0) rAragrs 


Hence, we restrict ourselves to the contribution of the surface 
forces to P. These comprise normal and shear stresses and the 
objective here is to single out the contribution of the normal 
Stresses which are assumed to be equal to the static pressure 
gecimg on the fluid. 

Consider an element of fluid of mass odV entering the 
control volume. 
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== 


bax — 


pLduneonl.  — Diagram for calculating f Vow work 


work = force x displacement 
= (pdA)dXx Cel) 
2 Wie = “lca 
rate of work = ee (pdA dX) we (pdV) (B2) 


Hence dividing by the mass (pdV) we get 


rate of work/lbm = rT (p/o) = i (pe) (B3) 
The term? p/o is called flow work or flow energy since it 
represents the work to get the fluid into or out of the con- 
trol volume. The important thing to note is that we can 
separate out the contribution of the normal stresses to P by 
Simply accounting for the flow work. Since the fluid must 
always perform this work upon entering or leaving the control 
volume, this is a very useful step. 


3 @*= 1/0 is the specific volume (volume per unit mass, 


1.@., fe (15). Do not confuse this symbol @with V for 
volume or v for velocity. 
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Pp = Poy + (rate of flow work) (84) 


[nekoGeecar Poy represents what remains, namei,,\work done 
by shear stresses and shaft work. Since friction is usually 
handled indirectly, Poy is commonly labeled as the net useful 
or shaft rate of work. 


Let us see what the above means for a simple compressible 
Substance. Suppose a fluid enters the control volume at 
station (1) and exits at station (2) and suppose further that 
all the properties are homogeneous at each station. Now, on 
a per jpound basis, the fluid must do an amount of work p, & 


] 


to enter the control volume, and an amount of work Po % to 
leave the control volume. The work that may be performed is 


St 1 | | 


== Udp = oe 


(this is an important result which is usually written down 
without proof. Show this to yourself starting with a steady 
flow form of the First Law and setting AKE = 0 and APE = QO). 


Now we are ready to arrive at the final form of the First 
Law namely, Eq. 39. Referring back to Fig. 9 we can do this. 
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Y 
[ 


Figure B2. Two-Dimensional Projection at time tt+At 





Equation B2 can be written as 


] 


I iz 
At 


Mm At) (B7) 


<y¥ 


(p dAdx) = (p dA 


Since for the fluid entering dA DD MOE un man deueien tne sg tind 
exiting, they are in the same direction, we get 


2 lint fae 
rate of flow work = jsiol ag Sra dA) 
] 
re Tot n | (B8) 
/ 
= p(¥-dA) (B9) 
CS 





Hence, from Eq. B4 


P = Pay nF ae p(v-dA) (B10) 
And the First Law becomes 
ee 
3 (pe ) re ly fei an : 
cy spt Be [uy es, zg lek dA) = Q- Poy 
(B11) 


Now substitute h = u aa to get ve Guess. 
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VIII. SUPPLEMEdT C: EXPRESSIONS FOR TREE OR el. “MWe ys DCAL 
LAWS (FUPLAs) IN A DIFFERENTIAL FORM 


The equations derived in the main text of the handout are 
in integral form. There are many applications where it is more 
useful to begin with a differential form of the equations. 


An alternate for Eq. 34, the general expression for the 
FUPLAs is 


oi dv + X(¥ - dA) = y dV (C1) 
CV CS CV 
where Y = y dv 


CV 


provided Y is expressible on a per unit volume basis. 


Reference 14 or any other Vector Analysis book explains 
in detail a very useful mathematical tool, the Divergence 
Theorem. 


The Divergence Theorem (also called Theorem of Gauss) 
States that, for any volume in a vector field z , the normal 
component ten integrated over the area is equal to the 
divergence of this vector field integrated over the volume. 
In mathematical symbols we have: | 


> > -> 
con dA = (Vez) dV 
V 


Reference 3 states that c may be generalized to any 
tensor field. Now let us apply the Divergence Theorem to the 
second term of Eq. Ci; 


7] 





where it is not difficult to recognize that we have identified 
ie ie = Oe canieen XV qo No temiiiieseeetih s quantity 3 (a tReet Otome, 
X is a scalar or. a tensor Wiese avec 


Rep ac 1 nema Goes natal 


X dy + VeX v dV = y dV . (C4) 
CV CV CV 


Therefore, since the control volume is arbitrary and common 
to all three terms 


Qo 
>< 
¥ 


+ Ve(Xv) = y CS, 


Qo 
+ 


This is the differential form of the Fundamental Physical 
Laws using the generalized notation X. We will apply Eq. C5 
mor entries in Table Il. 


Ae «CONTINUITY 


X = o and y = Q 
99 : 7 
ro ol 0 (C6) 


For steady flow 


Veov = 0 Cop 
and for incompressible’ flow (po = }s 
Thus 
Vev = 0 (C8) 
4 


Some books (like Ref. 4, p. 44) goes straight from Eq. 
C6 to C8 without assuming steady flow. ‘This can be done if 
the flow is incompressible, since then op does not change 
either with time or position. 
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B. MOMENTUM 


ee and y = er 
tov) + y.(ov¥) = F 


Ot net 


Note that the product vv is 


It is a dyadic product (a tensor) and we should 


not defined 


; a 
notation. However, V-e(pvv) represents a vector 


200]. 


The first term of Eq. C9 can be written as 


at at Pot 


and the second term can be written 


mepiiacing Eqs. ClO and Cll in Eq. C9 


<y¥ 


-_> 


+ Veov) + V 0 


(oveV)V + pase 


Q 
£@) 


| 
| 


v 


Q 
ct 
or 


The parenthesis of the first term in Eq. Cl2 is 


Sontinusty Eq. C6, so Eq. Cl2 reduces to 


yV as ae aed 
lle mms Vi) I Gees 


There 1S a compact 
types of equations 


ae BA ev I 


OT .) 


va is called the 


Dt 
tive according to different authors. 


=“Supstanelal., — total, or 


Rewriting 
mae notation introduced in €14 


V3 v 


ae per unit volume} 


(C9) 


in vector analysis. 


be using tensor 


ER cae LO woe 
(C10) 
(Cali 
fi a 


zero from 


( Gipsy) 


HoOtablOmenrbenmetsced 1m comnect Tone to ullmec ec 


(C14) 
"flow' deriva- 
Eq. Glia tise 





which is an equation of motion analogous to m _ = aan 

the expression for Newton's second law for a solid, | 
such as a cannon ball. A deeper insight is necessar; 
regarding the term on the right-hand side of Eq. C15. This 
term is related to Foe whose meaning was explained in 
Supplement A. So we can write 


> ae > 


net ene laine | ai GARE (C16 ) 


For the moment we will concentrate our discl&ssion on 
> 


T curface Since it 1S not immediately apparent how to express 
it on a per unit volume basis. The surface forces depend on 
the rate at which the fluid is strained by the velocity field. 
The system of forces determine a state of stress and the re- 
lationship between stress and strain can only be given 
empirically. Recalling again Supplement A, a distinction 
can be made between forces arising from normal stresses and 
forces arising from shear stresses. 


: Voumaee = aldo einer (C17) 


The force due to the normal stress may be written: 


> 


Tormal ae (C18) 
and the force due to the shear stress, under the Stokes. 
hypothesis, 

> a 2 ate. 


nmere wt 1S the viscosity of the fluid. It is a property of 
the fluid (and may be strongly dependent on temperature). 
Fewplacing Eqs. Ci9 and C18 in C17 


Se _ gy ie 
Neurhace, | Tar UM’ (C20) 


We have only shown between Eqs. C16 and C20 how the different 


kinds of stresses make up f A complete derivation 


surface’ 
m.Eq. C20 can be found in Ref. 4. In th® derivation of Ee. 
C20 it was assumed that the fluid is isotropic, namely, the 
components of the stresses are equal in all direction and 


that it is Newtonian, 1.e., a linear relation exists between 
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the rate of strain and the stress, the relation between the 


two being empirical. 


Rep lagelnGat Gane Oo=rk Calo 


== ae 2 


ee 7 oye cniine VS ois lee (C21) 


amd replacing Eq. C2Zlin C15 


FA > 
pes. if Sp eu We 


t volume (C22) 


Equation C22 is a very useful form of the equations of motion 
called the Navier-Stokes Equations (a set of three equations, 
one for each coordinate). They form the starting point for a 
course in boundary layer theory, Written as in Eq. C22 it 
has only the restrictions of isotropic, incompressible, New- 
tonian flows. The incompressible restriction arises from the 
fact that we had treated up as a constant taking it out of the 
Laplacian in the second term of the right-hand side of Eq. 
C22. For compressible flow, where there exists gradients of 
temperature that affect strongly the value of w, the above 
mentioned term should be written Veuvy. In the derivationeacer 
Eq. C22, the compact form of Navier-Stokes equations, most of 
the effort was given to explaining the significance of each 
term and its origin. For a complete and rigorous derivation 
of these equations we suggest the use of Ref. 4 in the con- 
text of an appropriate course. 


In Aeronautical Engineering, the Navier-Stokes equations 
are useful in flows (not fluids) where the viscous effects are 
important, i.e., flows where large velocity gradient exist. 
Such situations are found in boundary layers where there is a 
change of velocity between a value of zero at the wall and a 
value different from zero at the free stream. The gradient 
creates important viscous forces taken into account in the 
last term of Eq. C22. In the free stream outside the boundary 


Us 





layer, although u(the viscosity) exists as in the boundary 
layer region (same fluid), the viscous forces do ig oY 
because there is no velocity gradient, and the last tern in 


poi. (C2 2<1S zeros 
In which other case would you do the same ? 


In these two cases Eq. C22 reduces to 


Dv . 
PDt "yolume = (C23) 


Write Euler's Equation of Motion for one dimensional flow 
using the definition of total derivative 


(C24) 


For steady flow and neglecting the voitume forces, Eq. 
C24 reduces to: 


a (C25) 


Why does Eq. C25 only contain total derivatives? 


Now integrating Eq. C25 we get 


az 


5 =" Const ant (C26) 


= 
heal t=y 


Or if the flow is » the pressure term can 
be integrated to give 
v2 
2 


+ =e Onsite aniit (C27) 


ofS 


(ab asi Si ey Seles see allie a iy: 


"MO[} Apeazs [euoLsuawip aug ‘*(atduexa 
AO$ X AOS) aJeULp4OOD |auo 30 SUOLOUNJ Sue d pue A asnedaq 


ALP-X [OA XE — ,X€ 7e 
- $+ de = (ror + ee 


(PEN[J PLOSLAUL) Q=n UauM 
>SUaMSUY 
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This 1s called Bernoulli S Eq@uar ion eso ome Glee ee dismcn 
additional term 2g coming from the body forces '46n we 


neglected in Eq. C24 (as they pertain to a gravity field). 


This equation looks like an Energy Equation but it is 
not complete as we shall see in part C of this Supplement. 


Exercise: 
What does it mean when the flow is Newtonian? 
On what property does the viscosity primarily depend? 


It can be shown that the assumption of one-dimensional 
flow can be replaced by the restriction that the constant in 
Eq. C27 takes different values for different streamlines. 

In other words, the left-hand side of Eq. C27 is equal to a 
different constant, depending on which streamline of the flow 
1s considered. 


Also, it can be shown that Eq. C2/ is valid everywhere 
(no matter if we change streamline) if the flow is 
irrotational (Vxv=0). 


° 


Equation C2/7 is known as Equation. The 
assumptions and constraints in its derivation are: 


‘payodaj Hau saduo0f SWN[OA “PLN{f PLOSLAUT 
“MO[} [LRPUOLSUdWLp-|aUuo “SApeays Sat qissaudwoduy] 
Lt {nouuag :SuamMsuy 
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CE Nicaea 


In our development of the Energy Equation for a contro! 
volume, Eq. 38 we stated that this form was not very con- 
venient and in Supplement B we transformed it into Eq. 39. 


Thecdifferential® form-ot Senet nen cy ee Mian Cinimeechsmecl® 
or 39 can be derived in a manner similar to the Momentum 
Equation, thus only the results will be given here. For a 
description of the various terms and their application see 
Bet. 9. 


The following form is usually quoted [Ref. 5] for the 
Energy Equation: 


ose + p(veV)e - p¥-V¥ = -vVeq + ye es) 
Or in terms of the enthalpy 
on > op “> _ an 
od o(v-V)h + tae + (veV)p] = -Veg + po C30) 
where e = ou (neglecting changes in kinetic 
: a and potential energy) 
Q = qe dA 
Cec) 
Gs 
and 6 = dissipation function acting through the fluid 
viscosity 


If neglecting radiation heat transfer and assuming that 
Fourier's Law of Heat Conduction applies, then 


5 B= kT (C32) 
and Poe = rai ol) ee By) 
Veg = - k ha T iOipeek  —srC Ons bale (C34) 


The solution to the equation above represents the effect of 
fluid motion on heat transfer and is studied under the 
title of “Convective Heat Transfer." 
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SUD SEL EUS Iigeeidieee 34 1c Ome emece 


px + o(veV)h + (sb + (veV) p] = kUeT 7 I® (C35) 
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SEER aCe Chiu aN eS 


1 


“3UON 


As a consequence of steady flow 

a. the Velocity 1S NOt fa Tun Cel On Of s eiiemeiosa Calon 
tie tf Lud partic er 

b. -density 1S not a aunict] onwoietiemve voc 1c. 

C. Velocrty 1S not a function ot “eume. 

d. "density 15 constant. 

What term(s) would you eliminate from Eq. C22 if you 

are told that the fluid/flow is 

ae Wmaveas Cad 

b. Incompressible. 

If for a fluid element it is found that there exists 

a linear relation between the rate of strain and stress, 

the fluid is said to be 

EUIe rian. 

Newtonian. 


OS a 


Lagrangian. 

(eS OL POD 1c. 

From the differential form of the Momentum Equation we 
derived several equations associated with great 
Scientists and mathematicians of the past. The expres- 
Sions known as Euler, Bernoulli and Navier-Stokes 
Equations have in common that they are: 

Energy Equations. 

Concinulty Equations - 

Moment Equations. 


ao Oo CF ow 


Equations of Motion. 


"q Opts puey-zZyblLu ayy jo zsSe| 


—_ HO se 


~— 
O 


>SUSMSUY 
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meauenrn gt 


5. Match with the name of the equations (Column 1) da 
in this supplement. all =thetassump : ion secon CS1 ce 
made in 1tS deri Vat 1omm Geom nee2 e 


Column 1] (Oxon UT tla 


a. Navier-Stokes Equations iviscid fluid. 


b. Euler Equation One-dimensional flow. 
c. Bernoulli Equation SO tro Die oh line 


Incompressible flow. 
Newtonian fluid. 
Steady flow. 

No velocity gradients. 


QO + 0 & OO OCW wo 


emp Cd Deel O™ Pe 
2b onOae™ waa 
“oP =O “SONG  elenicwy, 


8 | 


FG. 


14. 


ho. 
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